This paper deals with an integral equation method for analyzing the diffraction of a transverse magnetic (TM) plane wave by a perfectly conductive periodic surface. In the region below the periodic surface, the extinction theorem holds, and the total field vanishes if the field solution is determined exactly. For an approximate solution, the extinction theorem does not hold but an extinction error field appears. By use of an image Green's function, new formulae are given for the extinction error field and the mean square extinction error (MSEE), which may be useful as a validity criterion. Numerical examples are given to demonstrate that the formulae work practically even at a critical angle of incidence.
Introduction
This paper deals with an integral equation method which analyzes the diffraction of a TM plane wave by a perfectly conductive periodic surface (See Fig. 1 ).
The conventional integral method starts with a physical picture such that the surface current induced by an incident plane wave radiates the diffracted wave in the illuminated region (the region above the periodic surface). However, the extinction theorem holds in the region below the surface, referred to as the un-illuminated region, in which the incident plane wave is completely canceled by the wave radiated from the surface current [1] . At a critical angle of incidence, however, such a physical picture breaks down, because a conventional periodic Green's function representing radiation processes diverges. This means that the conventional integral method fails to work at a critical angle of incidence.
To mitigate such divergence, Arens et al. [2] introduces a formulation, in which the surface current is determined by a differential of the extinction theorem and diffraction amplitudes (Rayleigh coefficients) are evaluated by use of a Green's function which vanishes on a plane below the surface. On the basis of the shadow theory [3] , [4] , however, we proposed a method of image Green's function [5] , [6] , where the surface current is determined by an image integral equation. It was demonstrated numerically that our method works well even at a critical angle of incidence [5] , [6] other words, our method makes it possible to calculate the diffracted wave in the illuminated region for any angle of incidence. Because of such divergence at a critical angle of incidence, however, there is no method to calculate the field in the un-illuminated region so far. By use of an image Green's function, this paper gives a method to discuss the wave field in such the region. For an approximate surface current, the extinction theorem does not hold exactly. But an extinction error field appears in the un-illuminated region. Such a field is most interesting as an accuracy criterion, because it involves effects of evanescent waves, whereas the energy balance involves only propagating components in the diffracted wave. We give new formulae for the extinction error field and the mean square extinction error (MSEE). We present numerical examples to demonstrate that the formulae work practically even at a critical angle of incidence. This paper assumes time dependence e −iωt below.
Formulation by Shadow Theory
Let us consider the diffraction of a TM plane wave by a perfectly conductive periodic surface. We assume that the surface is described by a smooth single-valued periodic function f (x) as (See Fig. 1 .)
where k L is the spatial angular frequency of the period L, σ h and σ L (> 0) are the highest and lowest excursions of the surface, respectively. We represent the y component of the magnetic field by Ψ t (x, z), which satisfies Copyright c 2014 The Institute of Electronics, Information and Communication Engineers
in the illuminated region above the surface and Neumann condition
on the surface (1). Here, k = 2π/λ is wavenumber, λ is wavelength, and the normal derivative ∂/∂n is defined downward as is shown in Fig. 1 . Let Ψ i (x, z) be an incident plane wave,
which has unit amplitude at z = σ h † . Here, θ i is the angle of incidence measured from the x axis. It becomes complex for an evanescent wave incidence with |p| > k, and β(p) is an auxiliary function defined by (6) where Re and Im stand for real and imaginary part, respectively.
Using the shadow theory [3] , [4] , we represent the magnetic field in the upper region with z ≥ σ h as a sum of upgoing plane waves and evanescent waves,
where
is a reflected wave. We consider that the modified diffracted wave given by the third term on the right hand side is generated by the primary excitation, that is
Here, we call v e (z) the basic excitation. Note that v e (z) = −ikz when β(p) = 0. Since the primary excitation is proportional to [2β(p)/k]e iβ(p)σ h , the modified diffracted wave and the surface current
iβ(p)σ h . Thus, we may write
where v t (x) is the basic surface current to be determined. On the other hand, S m (p, σ h ) is the mth order scattering factor, in terms of which η m (p) the mth order diffraction efficiency is given by (when m 0)
(when m = 0)
The energy error e rr (p) is defined as
Our field equation (7) represents a dark shadow at a grazing angle of incidence with β(p) = 0, at which Ψ t (x, z) ≡ 0 holds for any (x, z). As a result, η 0 (p) = 1 and η m (p) = 0 for any m( 0) hold when |p| → k − 0 [3] , [4] , as is shown in Fig. 3 below. 
Field Representation by Image Green's Function
By a combination of the conventional extinction theorem and reflection extinction theorem, we have obtained a representation of the extinction theorem, which is applicable even at a critical angle of incidence [7] . However, we obtain a field representation in the un-illuminated region by use of the image Green's function
Note that, if (x, z) [5] .
Next, we integrate the identity div[ Fig. 2 , and we apply Gauss's theorem and the Neumann condition (4). When the observation point (x s , z s ) is outside the area ABCDEA and satisfies f (x s ) > z s > 0, we then obtain a representation of Fig. 2 The area ABCDEA for integration. The dotted curve indicates the image surface. † To prevent numerical overflows, we employ definitions different from those in Ref. [5] , [7] . In this paper, the amplitude of the incident wave is defined by |Ψ i (x, σ h )| = 1, and the scattering factor is given as S m (p,
is the scattering factor in Ref. [5] . the extinction theorem [7] 
where Ψ (xt) (x s , z s ) is the extinction error field,
Notice that the extinction theorem (16) holds when
) is an approximate solution, (16) does not hold exactly and (17) represents an error with respect to the extinction field. In other words, the extinction error field Ψ (xt) (x s , z s ) is generated by an error in surface current. This is the point in this paper.
In the region with σ L > z s > 0, however, (17) is reduced by (15) and (10) to
which involves propagating waves and evanescent waves into the ±z s directions. This is because the integral in (17) is made up of two physical processes: radiation from the periodic surface and that from the image surface (z = − f (x)), as is shown in Fig. 2 . Here, δ m,n stands for Kronecker's delta, [T m (p) − iδ m,0 ] is the mth order extinction factor, and
Next we define the mean square extinction error (MSEE) e (xt)
We note that (19) and (22) are new equations, first introduced in this paper. It is important to note that Ψ (xt) (x s , z s ) and e (xt) rr (p, z s ) do not diverge even at β(p + mk L ) = 0, whereas a conventional extinction theorem fails to work at β(p + mk L ) = 0 [7] . However, we emphasis a fact that our extinction theorem (16) holds only for (x s , z s ) in the region with f (x s ) > z s > 0.
Obviously, e 
We will call (23) the MSEE condition below. Next, we simply discuss the field above the periodic surface. When the observation point (x s , z s ) is inside the area ABCDEA in Fig. 2 , we have
However, (25) holds for any observation point (x s , z s ) with z s > f (x s ) and L > x s > 0. From (7), (25) and (15), we obtain the scattering factor S m (p, σ h ) as
Using these formulae we will calculate η m (p) and e rr (p) in (13) below.
Numerical Example
To obtain v t (x) in (10) numerically, we take the image integral equation [5] ,
where the kernel function N(x, x s ) is defined by
To solve (28) numerically, we put 
Let us solve (30) for a very rough sinusoidal case: 
by which the peak-to-peak surface roughness and the maximum surface slope become 2σ/λ ≈ 4.775 and 2πσ/L ≈ 9.424, respectively. Replacing the infinite sum in (19) with a finite sum from m = −15 to 15, we calculated the extinction error field Ψ (ex) (x s , z s ) for p = 0 and z s = 0.1 in Fig. 4 (B), which shows that the error field decreases with increasing N d . As is expected geometrically, Ψ (xt) (x s , z s ) is symmetrical with respect to the lines x s /L = 1/4 and 3/4. Figure 4 (C) shows a MSEE against p/k, which also decreases with increasing N d . As is mentioned above, the MSEE is generated by an error in surface current. Thus, Fig. 4(C) suggests that such an error in surface current decreases with increasing N d .
Discussions and Conclusions
Let us discuss conditions for a desirable solution. In the scattering theory [8] , the extinction theorem is known as a necessary and sufficient condition for the surface current. From this fact, it is natural to expect that an approximate field Ψ t (x s , z s ) by (25) approaches to a true solution, as the MSEE approaches to zero. However, it is an open problem whether such a theoretical expectation works numerically for a very rough case or not. At present, we say that the MSEE condition (23) is only a necessary condition. However, the optical theorem and the reciprocity are known as conditions for a desirable solution [1] . But they are necessary but not sufficient.
The optical theorem deals with a sum of energies carried by propagating Floquet's modes, but it does not involve evanescent ones. The reciprocity deals with a kind of symmetry [3] . On the other hand, the MSEE condition deals with an error in surface current. Since such an error in surface current generates an error in the diffracted wave, the MSEE condition gives a criterion on the error in the diffracted wave, which involves propagating and evanescent Floquet's modes.
Because a conventional periodic Green's function diverges at a critical angle of incidence, there is no method to calculate the field in the un-illuminated region so far. This paper demonstrated theoretically and numerically that the field in the un-illuminated region can be calculated for any angle of incidence. We have introduced the extinction error field and the MSEE, which were calculated for a very rough sinusoidal surface. Since the MSEE and the energy error can be made small for a sufficiently large N d , we think of that the method of image Green's function gives a reliable diffracted field for a propagating wave incidence and for an evanescent wave incidence.
Our discussions were restricted to a TM wave case. The extinction error field and the mean square extinction error for a transverse electric (TE) case will be discussed elsewhere.
